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Section 4.7 - Optimization in Business and Economics

Minimizing Average Cost

Let the cost function be C(q), then the marginal cost is C′(q) and the average cost is
c(q) = C(q)

q .

We showed a while back now that the production level that minimizes

average cost is found by solving C′(q) = C(q)
q . Let’s look at this problem from our newer

perspective of optimization. We want to minimize the function c(q) = C(q)
q . Start by

finding the first derivative:

c′(q) =
d
dq

C(q)

q
=

C′(q)q − C(q)

q2 .

We get that c′(q) = 0 when the numerator is equal to zero, i.e., C′(q)q − C(q) = 0. We
can rewrite that to say

C′(q) =
C(q)

q
.
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Section 4.7 - Optimization in Business and Economics

Maximizing Profit

Recall that the revenue function R gives the total revenue collected after q units are sold.
Combining this with the cost function, we can get the profit function

P(q) = R(q)− C(q).

To maximize this, we first take the derivative and find critical numbers:

P ′(q) = R′(q)− C′(q) = 0.

P ′(q) = 0 when R′(q) = C′(q), as we had previously discovered! To ensure any solutions
are a maximum, we apply the Second Derivative Test which says we want P ′′(q) < 0.
Since P ′′(q) = R′′(q)− C′′(q), this means that R′′(q) < C′′(q).
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Section 4.7 - Optimization in Business and Economics

Elasticity

Recall that the demand function p = D(q) takes in a number of items to sell, and the
output is the price the item should be sold at. Recall that the demand function is given by
D(q) = R(q)

q .

What we want to discuss now is how strongly a change in price influences a change in
demand. For example, a 20% change in price may or may not have a drastic effect on
demand. As an example, if restaurants suddenly raised their prices by 20%, it’s likely
many customers will choose to stay home instead. However, if gasoline prices were to go
up by 20%, demand would be affected, but not by that much since people still need it.
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Section 4.7 - Optimization in Business and Economics

Elasticity

To measure this relation, we will compare the relative (or percentage) changes in the price
and demand.

If a quantity x changes by an amount ∆x , then the relative change is given

by
∆x
x

. So, to measure how a change in price affects demand, we compute the ratio

relative change in demand
relative change in price

=
∆q/q
∆p/p

=
p/q

∆p/∆q
.

If we send ∆q → 0 (thereby also sending ∆p → 0) the denominator becomes dp
dq = D′(q),

the derivative of demand.
Definition

Elasticity The elasticity of demand E for a product whose demand q corresponds to the
price p = D(q) is given by

E(q) = − p/q
dp/dq

= − D(q)

qD′(q)
.
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Section 4.7 - Optimization in Business and Economics

Elasticity

If E(q) > 1, then the relative change in demand is greater than the relative change in price
and the demand is called elastic.

If E(q) < 1, then changes in demand are proportionally
smaller than changes in price and the demand is called inelastic. An elasticity of 1 is
called unit elastic. In general, the larger the value of E , the more a change in price
affects demand. Going back to the restaurant and gasoline example earlier, we would say
that the restaurant demand is elastic and the gasoline demand is inelastic.

Example

A tool company estimates that the monthly demand q for their power drill is related to the
price p for each drill by p = 185− 0.06q. Compute the elasticity of demand for drill prices
of $50 and $95.
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Section 4.7 - Optimization in Business and Economics

Now You Try It!

Example

The demand function for a particular pair of sunglasses is

p = 155− 0.035q.

1 If the sunglasses are priced as $65, how many pairs can be sold?
2 Compute the elasticity of demand when the sunglasses are priced at $65 and

interpret your result. At this price, is the demand elastic or inelastic?
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Section 4.7 - Optimization in Business and Economics

Elasticity and Revenue

We’ve seen now that for an elastic demand, an increase in price produces a
proportionally larger decrease in demand. Because revenue is the product of demand
with price, this results in a decline in revenue.

On the other hand, if demand is inelastic,
then a price change causes a proportionally smaller decrease in demand, and revenue
increases. For unit elastic demand, the changes in price and demand are proportional,
and so revenue doesn’t change. What does this mean for optimizing revenue?

Demand q Elasticity E(q) Revenue R(q)

elastic E(q) > 1 increases if prices are lowered, increasing demand
inelastic E(q) < 1 increases if prices are raised, decreasing demand

unit elastic E(q) = 1 at maximum
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Section 4.7 - Optimization in Business and Economics

Elasticity and Maximizing Revenue

Example

The demand function for a manufacturer’s product is D(q) = 75e−0.05q. Write a formula
for the elasticity of demand E and determine the price per unit that maximizes revenue.

Example

If the demand function for a particular purse is p = 150− 4
√

q, use elasticity to find the
price and corresponding quantity that maximize revenue.
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